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Abstract 

We consider a degenerate hyperbolic equation of Kirchhoff type with a small parameter 
e in front of the second-order time-derivative. 

In a recent paper, under a suitable assumption on initial data, we proved decay- 
error estimates for the difference between solutions of the hyperbolic problem and the 
corresponding solutions of the limit parabolic problem. These estimates show in the 
same time that the difference tends to zero both as e — > + , and as t — > +00. In 
particular, in that case the difference decays faster than the two terms separately. 

In this paper we consider the complementary assumption on initial data, and we 
show that now the optimal decay-error estimates involve a decay rate which is slower 
than the decay rate of the two terms. 

In both cases, the improvement or deterioration of decay rates depends on the small- 
est frequency represented in the Fourier components of initial data. 



Mathematics Subject Classification 2000 (MSC2000): 35B25, 35L70, 35L80. 



Key words: hyperbolic-parabolic singular perturbation, quasilinear hyperbolic equa- 
tions, degenerate hyperbolic equations, Kirchhoff equations, decay-error estimates. 



1 Introduction 

Let if be a separable real Hilbert space. For every x and y in H, \x\ denotes the norm 
of x, and (x, y) denotes the scalar product of x and y. Let A be a self-adjoint linear 
operator on H with dense domain D(A). We assume that A is nonnegative, namely 
(Ax,x) > for every x G D(A), so that for every a > the power A a rc is defined 
provided that x lies in a suitable domain D(A a ). 
We consider the Cauchy problem 

£<(£) + <(£) + \A l ' 2 u £ {t)\ 2 ^Au £ {t) = Vt > 0, (1.1) 

U e (0)=U , <(0)=«i, (1.2) 

where e > and 7 > 1 are real parameters, and (tio,wi) G -D(A) x D(A l l 2 ) are initial 
data satisfying the mild nondegeneracy condition 

A^ 2 u ± 0. (1.3) 

The singular perturbation problem in its generality consists in proving the conver- 
gence of solutions of (1.1), (1-2) to solutions of the first order problem 

u'(t) + \A 1 / 2 u{t)\ 2 ~ f Au(t) = Vt>0, (1.4) 

«(0) = «o, (1.5) 

obtained setting formally e = in (1.1), and omitting the second initial condition 
in (1.2). 

This problem has generated a considerable literature in the last 30 years. In particu- 
lar, it is well known that the parabolic problem (1.4), (1.5) has a unique global solution 
for every u G D(A) (and even for less regular data), and the hyperbolic problem (1.1), 
(1.2) has a unique global solution provided that (uo,Ui) G D(A) x D(A 1 / 2 ) satisfy the 
nondegeneracy assumption (1.3) and e is small enough. The interested reader is re- 
ferred to the survey [8] , where more general nonlinearities and more general dissipative 
terms have also been considered (see also [9] for the special case of (1.1), and for more 
references) . 

Next step consists in estimating the behavior of u(t), u £ (t), and of the difference 
u e (t) — u(t) as t — > +00 and as e — > + . This gave rise to three types of results. 

(A) Decay estimates. In this case e is fixed, and t — > +00. The prototype of decay 
estimates, in the case of coercive operators, is that 

\A" 2 u{t)\ 2 < -r-C and \A^ 2 u £ {t)\ 2 < ( 



(l+t)V7 ' *WI - ( 1+t )l/ 7 

for every t > 0, where the constant C is independent of e and of course also of t. 
As a consequence we have also that 

\A^ 2 (u £ (t) - u(t))\ 2 < (1 f t)1/7 Vt > 0. (1.6) 



These estimates have been obtained for the first time in [14] , and then in [5] in full 
generality. We point out that the decay rate of |A 1 / 2 w(t)| and |A 1//2 w e (£)| coincides 
with the decay rate of solutions of the ordinary differential equation 

y>(t) + \y(t)\ 2 Mt) = 0, 

which is actually the special case of (1.4) where H — R and A is the identity (see 
also [11] for decay rates of second order ordinary differential equations). 

(B) Error estimates. In this case t is fixed, and e — > + . The prototype of error 
estimates is that for initial data (jio,mi) G D(A 3 ' 2 ) x D(A 1 ' 2 ) one has that 

\A 1/2 (u £ (t) - u(t))\ 2 < Ce 2 Vt > 0, (1.7) 

where the constant C is once again independent of e and t (global-in-time error 
estimates). It is well-known that e 2 is the best possible convergence rate (even 
when looking for local-in-time error estimates), and that D(A 3 ^ 2 ) x D{A 1 ^ 2 ) is the 
minimal requirement on initial data which guarantees this rate (even in the case 
of linear equations). We refer to [4] for these aspects. 

(C) Decay-error estimates. They are the ultimate goal of the theory, since they repre- 
sent the meeting point of (A) and (B). The general form of a decay-error estimate 
is something like 

\A l / 2 (u £ {t)-u{t))\ 2 <uj{s)a{t), 

where of course ou(e) — > as e — > + , and o~(t) — > as t — > +oo. 

Trivial decay-error estimates can be obtained by exploiting the classical inequality 
min{a, b} < a}~ e b 6 ', which holds true for every pair of positive real numbers a and b, 
and every 6 G [0, 1]. Thus (1.6) and (1.7) can be interpolated by the estimates 

lA^Mt) - u(t))\ 2 < C {1 + t) e h Vt ^ °> ( L8 ) 

for a suitable constant C independent of e, t, 6. Nevertheless, such estimates are in 
general non-optimal, both with respect to the convergence rate 2 — 26, and with respect 
to the decay rate 0/ / ~f. 

Indeed, both in the case of linear equations [1], and in the case of nondegenerate 
Kirchhoff equations [12, 16, 17, 7], it was possible to prove decay-error estimates with the 
same decay rate of decay estimates, and the same convergence rate of error estimates. 
In the degenerate case, this leads to guess that 

\A^ 2 (u £ (t)-u(t))\ 2 <C {l f tyh W>0. (1.9) 

This problem was addressed for the first time in [9], where two results have been 
proved. The first one is a counterexample showing that (1.9) is false for general initial 



data (uq,Ui) E D(A 3 ^ 2 ) x D(A l l 2 ). The second one is that a special assumption on 
initial data, which rules out the previous counterexample, yields an estimate which is 
even better than (1.9), namely that 

\AV\u e {t) - u(t))\ 2 < C {1 f tyh Vt > (1.10) 

for some S > 1. In other words, for these data the difference decays faster than the two 

terms separately. 

In order to clarify the special assumption on initial data, let us assume for simplicity 

that the spectrum of A consists of a sequence of positive eigenvalues. Let us assume that 

t>o is an eigenvector with respect to some eigenvalue \x. Let v > /i, and let us assume 

that 

uo = v o + components w.r.t. eigenvalues > v, 

ui = (3vo + components w.r.t. eigenvalues >v 

for some f3 G R (possibly equal to 0). Then the second result in [9] is that (1.10) holds 
true with 5 := min{27 + 1, v j ' {i\ (with a logarithmic correction when the two terms in 
the minimum are equal). Note that 5 > 1 in this case. 

On the contrary, the counterexample presented in [9] is that (1.9) cannot be true 
when M an d u\ are eigenvectors of A with respect to eigenvalues /i and u, respectively, 
with v < fi. In other words, in that case a deterioration of decay rates is expected. 
Quantifying this deterioration was stated as Open Problem 2 in section 4 of [9]. 

In this paper we investigate this open problem, and we find the best decay-error 
estimates which are true in this case. So we assume that vq is an eigenvector of A with 
respect to some eigenvalue /z, and that v\ is an eigenvector of A with respect to some 
eigenvalue z/, with v < fi. Then we take initial data of the form 

uo = v + components w.r.t. eigenvalues > /z, 
u\ = v± + components w.r.t. eigenvalues > v. 

In this case we prove that (1.10) holds true with 5 := v/fi, which is now less than 
or equal to 1. We also show that this exponent is optimal, in the sense that we cannot 
obtain a better decay rate if we want to keep the optimal convergence rate e 2 . 

When the spectrum of A is an increasing sequence of eigenvalues (with no assump- 
tion on the dimension of eigenspaces) , assumption (1.12) is complementary to assump- 
tion (1.11). This happens, for example, when A is the Dirichlet-Laplacian in a bounded 
open set with reasonable boundary, namely the operator involved in Kirchhoff equations 
in concrete form. Therefore, for these operators the problem of decay-error estimates is 
now fully closed by Theorem 2.5 in [9], and Theorem 2.2 of the present paper. We refer 
to Remark 2.5 for the details. 

This paper is organized as follows. In section 2.1 we fix the notation and state 
our main results. In section 2.2 we present a toy model which roughly explains the 
deterioration of decay rates. In section 3 we prove our results. 



2 Statements 

2.1 Notation and statements 

In the following we always assume that if is a Hilbert space, and A is a nonnegative 
self-adjoint (unbounded) operator on H with dense domain. We always assume that 
7 > 1 is a real number, and that (uq, U\) G D(A) x D(A 1 / 2 ) is a pair of initial conditions 
satisfying the nondegeneracy condition (1.3). 

Let u(t) be the unique global solution of the first order problem (1.4), (1.5). Let 
u e (t) be the unique global solution of the second order problem (1.1), (1.2), which exists 
at least for every e G (0, £o) for some positive eq. Following the approach introduced 
in [13] in the linear case, we define the corrector 9 e (t) as the solution of the second order 
linear ordinary differential equation 

s6' £ \t) + 6' £ {t) = $ Vt>0, (2.1) 

with initial data 

e (O) = 0, ^(0) = Ul + lA^uol^Auo =: O . (2.2) 

Since O = u' e (0) — tt'(0), this corrector keeps into account the boundary layer due to 
the loss of one initial condition. 

Finally, we define r e (t) and p E (t) in such a way that 

u e (t) = u(t) + 9 e (t) + r e (t) = u(t) + p e (t) Vt > 0. 

With these notations, the singular perturbation problem consists in proving that 
r £ (t) — > or p e (t) — > in some sense as e — > + . We recall that the two remainders 
play different roles. In particular, r e (t) is well suited for estimating derivatives, while 
p e (t) is used in estimates without derivatives. This distinction is essential. Indeed it is 
not possible to prove decay-error estimates on A a r e (t) because it does not decay to 
as t — > +oo (indeed u £ {t) and u(t) tend to 0, while the corrector 9 e (t) does not), and it 
is not possible to prove decay-error estimates on A a p' £ (t) because in general for t = it 
does not tend to as e — > + (due to the loss of one initial condition). 

Now let us introduce our assumptions on initial data. To this end, we need some 
basic facts from the spectral theory of operators, which we recall following [15]. 

Let E be the resolution of the identity associated with the operator A. For every 
measurable subset J C [0, +oo) we consider the space Hj := 1Z(E(J)), namely the 
range of the projection operator E(J), which is a closed subspace of H . In the case 
where H admits a (finite or countable) orthonormal system {e^} made by eigenvalues 
of A, and {A^} is the sequence of corresponding eigenvalues, then Hj is just the set of 
all v G H such that (v, e^) = for every fceN such that A^ ^ J. 

We are now ready to introduce the class of initial data we consider in this paper. 



Definition 2.1 (Assumption on initial data) Let p and v be two positive real num- 
bers. We say that a pair of initial conditions (uo,Ui) G D(A) x D(A l l 2 ) satisfies the 
(p, z/)-assumption if we can write uq = vq + ^0 and U\ = v 1 + w±, where 

• v and v\ are eigenvectors of A with respect to the eigenvalues p and u, respectively, 

• w G #o,+oo) and w 1 G #(„,+«,)■ 

In other words, p is the smallest frequency with respect to which uq has a nonzero 
component, and Vq is such a component. Analogously, v is the smallest frequency with 
respect to which U\ has a nonzero component V\. 

The main result of this paper is the following. 

Theorem 2.2 (Decay-error estimates) Let H , A, 7, (uq,ui), e Q , u{t), u £ (t), e (t), 
p e {t), r £ (t) be as usual. 

Let us assume that the pair (uq,Ui) satisfies the (p, v)- assumption with 

< v < p. 

Then the following conclusions hold true with 5 := vj p. 

(1) If in addition we assume that (-u ) M i) £ D(A 3 ^ 2 ) x D(A 1 / 2 ), then there exist S\ G 
(0, £0) an d a constant C such that for every e G (0,£i) we have that 

s 2 



\p £ (t)\ 2 + \A l,2 Pe{t)\ 2 + e{l + t)\r' £ {t)\ 2 < C h Vt > 



Al + s) 25 ^' ({1 + s)\r' £ (s)\ 2 + \ Al/ *P^\ 2 \ ds < Ce 2 (1 + t) 5h vt > 0. 

(2) If in addition we assume that (uq,ui) G D(A 2 ) xD(A), then there exist e\ G (0,£o) 
and a constant C such that for every e G (0, £1) we have that 

\A P£ (t)\ 2 + (1 + t) 2 K(t)| 2 < c {i ^ t)Sh vt > 0, 

(1 + s) 2S ^ ({I + s)\A l / 2 r' e {s) | 2 + lA ^ S f ) ds < Ce 2 (1 + t) s ^ Vt > 0. 

As we are going to see in the proofs, the main point is obtaining the estimate on the 
lowest order term p £ (t). Quite surprisingly, all remaining estimates follow from this one 
through a linear argument presented in [9]. 

The following result shows that the estimates provided by Theorem 2.2 (at least the 
one on p £ (t), which implies all the rest) are optimal. 



Theorem 2.3 (Optimality of decay-error estimates) Let H, A, 7, (u ,Ui), e , 
u(t), u £ {t), 6 e {t), p e {t), r e (t) be as usual. 

Let us assume that uq and U\ are eigenvectors of A with respect to the eigenvalues fi 
and v, respectively, and let 5 := vj ' \x. Let us assume also that 

• either v < \x, 

• or v — \x, and u and U\ are orthogonal. 

Then there exist e± G (0,£o) a nd C > such that for every e G (0, £1) we have that 

sup{(l + t)^|p £ (t)| 2 }>^ 2 . (2.3) 

t>o 

We conclude with some comments about possible extensions and applications. 

Remark 2.4 For the sake of simplicity, we limit ourselves to state and prove (2.3) 
when initial data are eigenvectors. The result is actually true for all initial data of 
the form (1.12). The reason is that components corresponding to higher frequencies 
decay faster (see [3]), and therefore the decay rate is always dictated by the smallest 
frequencies represented in u and u\. 

Similarly, in the case where v = fi, we could weaken the assumption that uq and u\ 
are orthogonal by just asking that they are linearly independent. In this case the proof 
should be modified in an obvious way by introducing the component of u\ orthogonal 
to u . 

Remark 2.5 Let us assume that the spectrum of A consists of an increasing sequence 
of positive eigenvalues. Let (uq,Ui) G D(A) x D(A l l 2 ) be any pair of initial conditions 
satisfying the nondegeneracy condition (1.3). Let // and v be the smallest eigenvalues 
with respect to which uq and U\ have nonzero components vq and vi, respectively. 

• If v > fi (or if Mi = 0, in which case v is not well defined) we are in the situation 
of [9], which yields decay-error estimates with improved decay rates. 

• If v < /j, we are in the assumptions of Theorem 2.2 above, which yields decay error 
estimates with deteriorated decay rates, and in general nothing more because of 
Theorem 2.3 above. 

• If v — n we are for sure in the situation of Theorem 2.2, which in any case 
guarantees decay-error estimates without improvement or deterioration of decay 
rates (5=1). If v and v\ are linearly independent, then S — 1 is optimal because 
of Theorem 2.3. If i>o and v\ are linearly dependent, then we are also in the 
assumptions of [9] , and once again we get an improvement of decay rates. 



Remark 2.6 The previous remark extends easily to operators whose spectrum is an 
increasing sequence of nonnegative eigenvalues including (this is the case, for example, 
of the Neumann-Laplacian on a bounded interval). 

Indeed in this case it is enough to separate components with respect to the kernel, 
where u(t) is constant and u £ (t) coincides with the corrector 6 £ (t), and apply the theory 
of this paper in the subspace orthogonal to the kernel. We point out that, since the 
nonlinear term depends on A x l 2 u or A x l 2 u £ ^ what happens in the kernel has no influence 
in the orthogonal subspace. 

2.2 Heuristics 

In this section we present a simple calculation on ordinary differential equations that 
leads to guess that |p e (t)| ~ e(l + t)" 6 ^ 2 ^. Let us start with two simplifications. 

• When e is small enough, the parabolic equation is a good approximation of the 
hyperbolic one. As a consequence, after the initial layer, u £ (t) and u(t) can both 
be considered as solutions of the parabolic equation. 

• After the initial layer, for example at time t — 1, the difference u £ (t) — u(t) 
is of order e. Actually this follows from the well-established local-in-time error 
estimates. 

Under these simplifying assumptions, the singular perturbation problem is reduced 
to estimating the difference between two solutions of the parabolic equation whose initial 
data differ of order e. 

So let v o and V\ be orthonormal eigenvectors of A with respect to eigenvalues \x and 
z/, respectively, with < v < \x. Let us consider the solutions u^it) and u\(t) of the 
parabolic problem with initial data wo(0) = vq, and wi(0) = v o + ev±, respectively (so 
that at time t = the difference is of order e, and lies on a component corresponding 
to the smallest frequency). 

Now it is easy to see that u (t) is always a multiple of Vq, while Ui(t) can be written 
in the form Ui(t) := w(t)vo + v(t)vi, where v (t) and w(t) are solutions of the system of 
ordinary differential equations 

w'{t) + /! (vv 2 (t) + /j,w 2 (t)Y w(t) = 0, 
v'(t) + v [yv 2 {t) + /J,w 2 (t)Y v(t) = 0, 

with initial data w (0) = 1, and v(0) = e. 

Now we make a further simplifying assumption, namely that u\(t) — Uo(t) ~ v(t)vi, 
which is reasonable if we accept that components corresponding to lower frequencies 
decay more slowly. Thus we have reduced ourselves to estimating v(t). 

According to the main trick introduced in [10], v(t) and w(t) can be written in the 
form 

v(t):=eMt), w(f) ■= Mt)] 1/S , 



where as usual S := v/n, and ip £ (t) solves 

rl/ e (t) + v (ue 2 ^ 2 (t) + /i^(t)) 7 ^(t) = 0, V £ (0) = 1. (2.4) 

Now we make the final simplifying assumption by setting e = in (2.4), so that from 
now on ip £ (t) does not depend on e and solves 

^(t) + ^ 1+27/<5 (t)=0, ^(0) = 1, 

for a suitable positive constant k. This differential equation can be easily integrated, 
giving that ip{t) ~ (1 + i)^ 27 ), hence 

|p e (t)| ~ | Ul (t) - «o(0l ~ \v(t)\ = e^(t) ~ 5(1 + 1)-' /(27) , 

which is consistent both with Theorem 2.2, and with Theorem 2.3. 

We conclude with some remarks. First of all, (2.4) is more or less the same equation 
which appears in the proof of Theorem 2.3 (see also Lemma 3.2), which means that the 
rough calculation we did is actually close to reality. 

Secondly, neglecting the term with e in (2.4) is not reasonable for all times. Indeed 
4>e(t) — > as t — ¥ +oo, and in this regime the term with ^ 2 becomes dominant over ^ £ 
(because 5 < 1). This means that as t — > +oo the true approximation of (2.4) is 

^ £ (t) + ke 2 ^l + ^(t)=0 ^ e (0) = l, 

which gives ip(t) ~ (1 + e 27 t) _1 ^ 27 \ namely a better decay rate. 

Which is the correct approximation of (2.4)? In a certain sense both! The fact that 
|p e (t)| ~ £(1 + £ 27 ^) -1 ^ 27 ^, suggested by the second approximation, is consistent with 
previous works where it was proved that both u(t) and u £ (t) decay as (l + t) -1 ^ 27 ). The 
point is that the final coefficient in this case turns out to be of order 1, not of order 
e, and therefore we get a better decay rate which we pay by losing the convergence 
rate. The first approximation, on the contrary, preserves the optimal convergence rate 
of order e. As in (1.8), one could interpolate the two extremes by finding a family of 
estimates with intermediate decay rates and intermediate convergence rates. 

The interplay between the two different regimes of (2.4) is what makes highly non- 
trivial the rigorous analysis of decay-error estimates for nonlinear degenerate equations. 

3 Proofs 

In the sequel we set 

c(t) := \A l ' 2 u{t)\ 2 \ c £ {t) := \A l ' 2 u e {t)\ 2 \ (3.1) 

and we consider their ant i- derivatives 

C(t) := [ c(s)ds, C £ (t) := f c £ (s)ds. (3.2) 

Jo Jo 



We exploit that the corrector 9 e (t), which is the solution of (2.1), (2.2), is given by 
the explicit formula 

e (t) = e6 (1 - e- t/£ ) Vt>0. (3.3) 

We also set 

9e{t) ■= -(c £ (t) - c(t))Au(t) - eu"{t), (3.4) 

so that we can regard p e (t) as the solution of the linear equation 

e P l{t) + p' £ (t) + c £ (t)Ap £ (t) = g £ (t), (3.5) 

with initial data 

pM = 0, ^(0) = O , (3.6) 

and r £ (t) as the solution of the linear equation 

er' £ \t) + r' £ (t) + c £ (t)Ap £ (t) = g £ (t), (3.7) 

with initial data 

r e (0) = 0, r' £ (0) = 0. (3.8) 

In many points we need to consider components of u £ (t) or u(t) with respect to Vq 
and v±, where Vq and V\ are the eigenvectors of A which appear in the (p, z/)-assumption 
on initial data. To this end we set 

u £ ,v(t) := | — r (u e (t),ui), u £ ^{t):=- — -(u £ {t),v ). (3.9) 

l u i| l u o| 

It is easy to see that these real functions satisfy, respectively, the following second 
order equations 

«C(*) + <,M + ^ £ {t)u £ , v {t) = 0, eu'^it) + u' £ Jt) + pc £ (t)u £ ^(t) = 0. (3.10) 

3.1 Previous results 

Many estimates on u(t) and u £ (t) have been proved in literature. We refer to [5] (see 
also Theorems A and B in [9]) for a complete list. For the convenience of the reader, in 
next result we limit ourselves to recall just those estimates needed in the sequel. 

Theorem A Let H, A, 7, (uq,u{), Sq, u(t), u £ (t), £ (t), p £ (t), r £ (t) be as usual. Let 
us assume that uq and u\ are in H\ v ^ +00 \ for some v > (which is equivalent to asking 
the coercivity of A). 

Then there exists E\ > 0, and positive constants M l5 . . . , M 16; such that the following 
estimates hold true for every e G (0, £1). 



(1) (Decay estimates for the parabolic problem) We have that 



\AV*u{t)\ 2 < ™ x h Vt>0, (3.11) 

\Au(t)\ 2 < ™* Vt>0, (3.12) 

and as a consequence 

M* 
c(t) < —*- Vt > 0. (3.13) 

If in addition Uq G D(A 3 ' 2 ), then for every 5 G (0, 27 + 1] we have that 

\A 3/ Mt)\ 2 < jy^ Vt>0, (3.14) 

(l + S ) 1+25 />"(s)| 2 ds<M 5 (l + t) 5 ^ Vt>0. (3.15) 

'0 

// in addition Uq G D(A 2 ), then for every 5 G (0, 27 + 1] we have that 

(1 + s) 1+2S ^\A 1 / 2 u"(s)\ 2 ds < M 6 (l + t) 5 ^ Vt > 0, (3.16) 

\u"(t)\ 2 <- M ]^ . Vt>0. (3.17) 

I Wl - ^ _|_ ^4+1/7 - V ! 

(2) (Decay estimates for the hyperbolic problem) We have that 

- M ° < \A^u £ (t)\ 2 < „ M \u Vt>0, (3.18) 

\Au e (t)\ 2 < {1 + Q lh Vt>0, (3.19) 

K(t)\ 2 < Ti , M llu, Vt>0, (3.20) 



( 1+t )2+l/ 7 

and as a consequence 



Mi 9 Mis 

i^H. < Ce (t) < i^H. vt > 0, (3.21) 

1 + t - w - 1 + t - ' v ; 

" C ^"<^1 Vt>0. (3.22) 



Ce(t) ~ 1+t 
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(3) (Basic error estimates) If in addition (u ,ui) G D(A 3 ^ 2 ) x D(A l l 2 ), we have that 

\Pe(t)\ 2 < M l5 e 2 Vt>0, (3.23) 



[I I \~ 





{l+t)\r' £ {t)\ 2 dt<M m E 2 . (3.24) 



(4) ( "Monotonicity" estimates) We have that 

(c £ (t)Au £ (t) - c(t)Au(t),p £ (t)) > i (ce(t) + c(t)) \A l ' 2 p £ (t)\ 2 Vt > 0. (3.25) 

We refer to [5] and to Lemma 3.3 in [9] for the estimates on solutions of the parabolic 
and hyperbolic problem, to Theorem 2.4 in [2] (see also [6]) for the basic error estimates, 
and to Lemma 3.4 in [2] for the monotonicity estimate (which actually is a general 
property of vectors). We point out that eigenvalues and components play no role in 
Theorem A above. 

The situation is different in the following result, where u £ (t) and its components 
u e,u(t) and u e>ft (t) are estimated in terms of C £ (t). For a proof, we refer to Theorem 3.1 
in [3], where similar estimates have been obtained more generally for the components 
of u £ (t) in the subspaces if[„ i+00 ) and if[ Mi+00 ) . 

Theorem B Let H , A, 7, (uq,ui), Eq, u £ (t) be as usual. Let us assume that the pair 
(uo,Ui) satisfies the (/i, u) -assumption with respect to some < v < p, let u £jV (t) and 
u e,^(t) be the components of u £ {t), defined according to (3.9), and let C £ {t) be defined 
according to (3.2). 

Then there exists E\ > 0, and constants Myj, Mis, M\g such that for every e G (0, si) 
we have that 

\A l/2 u £ {t)\ 2 < M 17 e~ 2vC ^ Vt>0, (3.26) 

u £ ,M 2 + tS- < M 18 e" 2 ^W Vt > 0, (3.27) 

[Ce{t)\ 2 

KmWT + \ £ VJ 2 < M 19 e-W<® Vt > 0. (3.28) 

The last result we need allows to deduce all the conclusions of Theorem 2.2 from the 
only estimate on p £ (t). It is actually a result on linear equations, in the sense that now 
we regard p £ (t) and r £ {t) as solutions of (3.5) and (3.7), forgetting that c(t), c £ (t), and 
g £ (t) are given by (3.1) and (3.4), respectively. For a proof, we refer to Proposition 3.5 
in [9]. 

Proposition C Let H and A be as usual, and let Eq, 7, 8 be positive real numbers. 

For every £ G (0,£o); ^ us assume that p £ (t), r £ (t), c £ (t), and g £ (t) satisfy (3.5) 
through (3.8). Moreover, let us assume that 
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(i) the solution p £ {t) satisfies the a priori estimate 



s 2 



|p £ (t)| i <M 20 (i + t)V7 V£>0, (3.29) 

(ii) the coefficient c £ : [0, +00) — ¥ (0, +00) is of class C 1 and satisfies (3.21) and 
(3.22), 

(Hi) the forcing term g £ : [0, +00) — > H is continuous and such that 

[ (l + s) 1+2S ^\g £ (s)\ 2 ds<M 2l e 2 (l + t) 5 ^ Vt > 0. (3.30) 

Jo 

Then the following conclusions hold true. 

(1) If 9o G D(A 1 / 2 ), then all the estimates in statement (1) of Theorem 2.2 hold true. 

(2) If in addition we have that 0q G D(A), and g £ (t) satisfies also 

[ (l + s) 1+25 ^\A 1 / 2 g £ (s)\ 2 ds<M 22 e 2 (l + t) s ^ Vt > 0, (3.31) 

Jo 



s 2 



\9s(t)\ 2 <M 23 {i + t)2+sh Vt>0, (3.32) 

then all the estimates in statement (2) of Theorem 2.2 hold true. 

3.2 Preliminary estimates 

In the following result, we collect some further estimates on solutions of the hyperbolic 
problem. Most of them have been already used somewhere in previous papers, but for 
the convenience of the reader we give here a self contained proof (of course based on the 
estimates of the previous section). 

Proposition 3.1 Let us consider the same assumptions of Theorem 2.2, and let C(t) 
and C £ (t) be defined by (3.2). 

Then there exists e\ G (0,£ ), an d positive constants M 24l , . . . , M 27 , such that for 
every e G (0, £1) we have that 

e 2^c(t) < Ma4 ^ + q vt > 0? (333) 

e 2u lCe (t) < M ^ x + q vt > 0) (3 >34 ) 

e 2^c(t) > M ^ x + q vt > 0) ( 3>35 ) 

e 2^c E (t) > M27 ( X + 1 ) vt > Q ( 3>36 ) 
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Proof Let us prove the four estimates separately. 

Proof of estimate (3.33) From (1.4) we have that 

[\A l ' 2 u{t)\ 2 e 2 ^ = 2 f ic(t)e 2 ^\A 1 / 2 u(t)\ 2 - 2e 2 ^c(t)\Au(t)\ 2 . (3.37) 

On the other hand, u{t) e i?[ M)+00 ) for every t > 0, hence |Au(t)| 2 > ii\A l l 2 u{t)\ 2 . It 
follows that the right-hand side of (3.37) is less than or equal to 0, hence 

\A l ' 2 u(t)\ 2 e 2 ^ < \A l ' 2 uv\ 2 . 

Therefore we have that 

[ e W)]' = 2/i 7 c(t)e 2 ^ c W = 2// 7 {\A x l 2 u(t)\ 2 eW®y < h, 

so that (3.33) follows by integration. 

Proof of estimate (3.34) Thanks to (3.26) we have that 

[ e 2*rc e (t)]' = 2z/ 7 c £ (t)e 2 ^W = 2z/ 7 (lAVVWI'e 2 ^^) 7 < fc 2 , 
so that (3.34) follows by integration. 

Proof of estimate (3. 35) Let us begin by showing that 

\A^ 2 u(t)\ 2 e 2fMC{t) >k 3 >0 Vt > 0. (3.38) 

To this end, let v denote the component of u with respect to the eigenspace of /i 
(as in Definition 2.1), and let u^{t) := \vo\~ 1 (u(t) , v ) be the component of u(t) with 
respect to the same eigenspace. Then of course w M (t) satisfies 

u i(t) + Hc{t)u^{t) = 0, u M (0) = |u |, 

hence u^(t) = \vo\e~^ c ^ for every t > 0. Therefore we have that 

l^/y^V^ > ju|tv(t)| V"^ > /i|t; | 2 , 

which implies (3.38). It follows that 

[ e 2^(t)]' = 2/i7C (t)e 2 ^ c W = 2^ 7 (lA 1 /^^)^ 2 ^)) 7 > k 4 > 0, 

so that (3.35) follows by integration. 

Proof of estimate (3.36) As before, we begin by showing that 

\A^ 2 u £ (t)\ 2 e 2 ^ {t) >h>0 Vt > 0. (3.39) 

To this end, let v be the projection of u in the eigenspace of //, let u £tll (t) be defined 
as in (3.9), and let y £ (t) := [u £ ^(t)} 2 . From (3.10) we have that 

y' e {t) = -2fic £ (t)y £ (t) - 2eu eili (t) ■ <„(*)■ 
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Since y £ (0) = |t>o| 2 , integrating this differential equation we obtain that 

e 2 ^ (t) y £ (t) = h| 2 - 2e /"*«.» • <» • e 2 » c ^ ds. (3.40) 

jo 

In order to estimate the last term, we integrate by parts, and we find that 

ft 



»-(*) ' <» • e 2 ^ (s) ds = u £ ,,(t) ■ u'Jt) • e^'W - ^(0) • u' (0) 



o 

- f [<>)] 2eWs) rfs - r^(«) • <» • 2/ic £ ( S )e 2 ^^ rf S 
Jo Jo 

=: Ai + A 2 + A 3 + A 4 . 
Let us estimate the four terms separately. From (3.28) we have that 

KM < k e e~" Csit) vt >°, ( 3 - 41 ) 

K„(*)| < fc7C E (t)e-" Ce(t) Vt > 0. (3.42) 

Therefore, the estimate from above in (3.21) implies that 

A, < \u^(t)\ ■ \u' £ Jt)\ ■ e^ c ^ < k 8 . 

The term A 2 is a constant, independent of e, and of course A3 < 0. 
As for A4, exploiting once more (3.41) and (3.42), we have that 

-u £ Jt) •<,„(*) < KmWI ' l<„COI < hce{t)e- 2 ^\ 
Therefore, the estimate from above in (3.21) implies that 

A 4 < k 10 / [c £ (s)} 2 ds < fcn / — — — -rds < fcn. 
Jo Jo (1 + s) 2 

In conclusion, we have proved that A 4 + A 2 + A 3 + A 4 < fc 12 . Coming back to (3.40), 
we have obtained that 

e 2 ^% £ (t) > \v \ 2 - 2k 12 e > ^f Vt>0, 



provided that e is small enough. Therefore we have that 

|2 

2 "' 
which implies (3.39). It follows that 



\A^ 2 u e (t)\ 2 e 2liCe{t) >^\u £ ,,{t)\ 2 ^ Ce{t) >V- 



[e^O]' = 2/i 7 c e (t)e 2 ^« = 2/i 7 (I^V^lV"^) 7 > k 13 > 

so that (3.36) follows by integration. □ 

Next result is an estimate for a supersolution of an ordinary differential equation. 
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Lemma 3.2 Let < 5 < 1 and K > be two real numbers. 

Then there exist e\ > and M 2 s > 0, both depending on 5 and K , such that the fol- 
lowing property holds true. For every e G (0, e-\), and every function ip £ G C 1 ([0, +oo),K) 
such that ip £ (0) = 1, and 



#(t) > -KUt) (e 2 "Mt)] 21 + [Mt)] 2l/5 ) Vt > 0, 



ipe Mf > M 28S 



5 2 /(2 7 ) 



we /iawe that 



Proof Let us consider the differential equation 

y' = -Ky{e 2 ^ + y^ s }. 



(3.43) 
(3.44) 



(3.45) 



Assumption (3.43) is equivalent to saying that ip £ (t) is a supersolution of (3.45) for 
every t > 0. Let us set 



*(*) == 



5 



4i^7t + 5 



5/(27) 



Vt >0. 



We claim that, for £ small enough, z(t) is a subsolution of (3.45) for t G [0, l/e s ]. 
Indeed this is equivalent to showing that 

z'(t) = -2K[z(t)] 1+2rf/6 < -Kz(t) {e^[z(t)} 2 " / + [z{t)\^' 5 } Vt G [0, 1/e 5 }, 

which in turn is equivalent to 

[z(t)f- s)/s > e VtG [0,1/^]. (3.46) 

Since z(t) is decreasing, and < S < 1, it is enough to check (3.46) when t = l/e s . 
Now for e small enough we have that 



i (i-*)/* 



5e s 



AK^f + 5e 5 



(l-5)/(2 7 ) 



>jfe ie *(l-*)/(27). 



(3.47) 



Since 5(1 — 8)/ '(27) < 1, inequality (3.47) implies (3.46) when e is small enough. 
This proves that z(t) is a subsolution of (3.45) in the given interval. Since z(0) 
1 = ip e (Q), the usual comparison principle yields that 



^\- 5 )> z [-s\> ^ /(27) 



which proves (3.44). □ 
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3.3 Proof of Theorem 2.2 

This proof is organized as the proof of the main result of [9]. The first part is the 
nonlinear core of the argument, where we prove that p £ (t) satisfies (3.29), of course 
under the assumption that (uq,Ui) E D(A 3 / 2 ) x D(A 1 / 2 ). In the second part we apply 
Proposition C in order to deduce all the conclusions of Theorem 2.2. 

3.3.1 Nonlinear core 

Let us set y £ (t) : = |p e (t)| 2 . From (3.5) and (3.4) we have that 

y' £ {t) = -2{c £ (t)Au £ (t) - c(t)Au(t),p e (t)) - 2e«(i),p e (*)), 

hence by (3.25) it follows that 

y'M < -(c £ (t) + c(t))\A 1/2 p £ (t)\ 2 -2e(u>:(t),p £ (t)). (3.48) 

Since u(t) and u £ (t), hence also p £ (t), lie in the subspace H[ Vt+00 ), we have that 
\A^ 2 p e (t)\ 2 > v\p £ {t)\ 2 . Thus (3.48) implies that 

y'M < -v(c £ (t) + c(t))y £ (t) - 2e«(t),p e (t)>. 

Since y £ (0) = 0, integrating this differential inequality we obtain that 

y £ (t) < -2ee-^V +c W [\u'Xs),p £ (s))e^ c ^ +c ^ ds. (3.49) 

Jo 

In order to estimate the last term, we integrate by parts, and we find that 

-2e / (u'^s),p £ (s)}e^ c ^ +c ^ ds = -2e(u' e (t), p £ {t))e v{c ^ t)+c{t)) 
Jo 

+2e [\u' £ (s),P'M)e uiCs{s)+C{s)) ds 
Jo 

+2e [ «(s), Pe (s))u(c e (s) + c(s))e" (CeW+c(s)) ds 
Jo 

=: Ai + A 2 + A3. 
Let us estimate the three terms separately. From (3.20) we have that 

1 2/hf 2 1 

2e\u' E (t)\ ■ \p £ (t)\ < 2e 2 \u' £ (t)\ 2 + ^pM* < (1 + t)2+1/7 + ^\pM\\ 

hence 

Al < 2e\u>(t)\ ■ \Pe(t)\ ■ ^.W-^W) < ( (1 f^ 1/7 + ^|p £ (t)| 2 ) e^W^)). (3.50) 
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In order to estimate A 2 , we first observe that 
2e(u' £ (t),p' £ (t)} < 2e\u' £ (t)\ ■ (\r' £ (t)\ + \6>(t)\) < e 2 |<(t)| 2 + \r>(t)\ 2 + 2e\u' £ (t)\ ■ \6' £ (t)\. 
Therefore, from (3.20) and the explicit formula (3.3) for 9 e (t), we obtain that 

Mu'Mp'M) < fei (1+ ^ 2+1/7 + K(t)\ 2 + fe 2 (1 + t) £ 1+1/(27) • z~ tl£ - 

On the other hand, from (3.33), (3.34), and the fact that v < p,, we have that 

e u(C e {t)+C(t)) < e uC e (t) . e ,C(t) < fc;j(l + t) l/ 7> (351) 

and therefore 

2eK(t),^(t))e^)+ c «) < A; 4 ^i^ + fc 3 |^(t)| 2 (l + t)V7 + fc 5 - - i^ e -*/' 

^ fc4 (TT^p + fc 3|<(t)| 2 (l + t) + fc 5 ee-^. 

Integrating in [0,t], and exploiting (3.24), we obtain that 

A 2 < k 6 e 2 . (3.52) 

In order to estimate A 3 , we first apply (3.13), (3.21), and (3.51) in order to obtain 
that 

2e(u' £ (t),p £ (t)}u(c £ (t) + c (t))e"< c 'W +c <*» < k 7 e\u' £ (t)\ ■ \p £ (t)\ • ^ • (1 + t) 1 ^. 

Now we estimate |t4(£)| and |p £ (t)| by means of (3.20) and (3.23), respectively. We 
obtain that 

2e(u' £ (t),p £ (t))v(c £ (t) + c (t)) e ^M+c(t)) < fc 8 (i+ ^ 1/(27) . 

Since 2 — 1/(27) > 1> integrating in [0,t] we obtain that 

A 3 < k 9 e 2 . (3.53) 

Plugging (3.50), (3.52), and (3.53) into (3.49), we have that 

Ve(t) < fcl0 (1+ ^ 2+1/7 + \ V e{t) + fc lie V"< C '«-*W> (3.54) 

Finally, (3.35) and (3.36) imply that 

e -,(c e (t) + c( t )) = ( e -MC £ (t) . g-MCW)"/" < fcl L_ (3.55) 

Since 2 + I/7 > I/7 > 5/7, plugging (3.55) into (3.54) we find that 

which is equivalent to (3.29). 
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3.3.2 Linear conclusion 

It remains to show that the assumptions of Proposition C are satisfied. The argument 
is the same as in section 3.5 of [9], with the obvious changes in the exponents. 

The a priori estimate on |p e (t)| is exactly the content of the nonlinear core. The 
assumptions on c £ (t) are exactly (3.21) and (3.22). 

In order to prove estimates on g £ (t), we first estimate c £ (t) — c(t). To this end, we 
apply the mean value theorem to the function a 7 , and we obtain the inequality 

\y J — x 7 | < 7 max{y 7_1 , rr 7-1 } • \y — x\ Wx > 0, Vy > 0. 

Setting y := \A^ 2 u £ (t)\ 2 and x := \A l / 2 u{t)\ 2 , it follows that 

\c e (t) - C(t)\ < 7 max{|A 1 /2 W£ |2(7-l) ) | A 1/2 U |2( 7 -1)| . || A l/2 Ue |2 _ \ A ^ U ^ ( g ^ 

From (3.11) and (3.18) we have that 

maxjIAVVWI 2 ^, \A^ 2 u(t)\ 2 ^} < (1+ ^. 1/7 . (3.57) 

Moreover we have that 

\\A l / 2 u e {t)\ 2 -\A 1,2 u{t)\ 2 \ = \(A(u E (t)+u(t)),u e (t)-u(t))\ 

< (\Au e (t)\ + \Mt)\)-\Pe(t)\, 

so that from (3.12) and (3.19) we obtain that 

\\A^ 2 u £ (t)\ 2 ~ \A 1/2 u(t)\ 2 \ < k ^ {l +iyLy (^) 

From (3.56), (3.57), (3.58), and (3.29), we conclude that 

\c £ (t)-c(t)\ <k 16 - 



'(l + i)l+(-5-l)/(27)' 

From (3.12) we have therefore that 

\9eit)\ 2 < 2(c E (t)-c(t)) 2 \Au(t)\ 2 + 2e 2 \u"(t)f 



r 2 

~-2|„./// 



< fci7 (1 + t)2+f/7 +2 e VW. (3-59) 

At this point (3.30) follows from (3.15). Moreover (3.31) follows in an analogous way 
exploiting (3.14) instead of (3.12), and (3.16) instead of (3.15). 
Finally, from (3.59) and (3.17) we obtain that 

e 2 , e 2 _ , e 2 



\9s(t)\ 2 < k 17 - + fci 8 - ■ —-j- < k 



(l + t) 2+5 h 18 (l+t)4+l/7 - iy (l + t)2+5/7' 

where in the last inequality we used that 2 + 5/j < 4 + I/7. This proves (3.32), and 
completes the proof of Theorem 2.2. □ 
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3.4 Proof of Theorem 2.3 

The assumptions on initial data guarantee that the solution u £ (t) of the hyperbolic 
problem has only two Fourier components, and can be written in the form 

u £ {t) := u £yU {t)- — - + u £:fM (t)- 



\Ui\ \u \ 

where the coefficients u £>v (t) and u £jfi (t) are given by (3.9) (note that in this case -u — v o 
and Mi = v\). 

On the other hand, the solution of the parabolic problem has only the Fourier com- 
ponent with respect to uq. Since Uq and U\ are orthogonal, we can estimate the norm 
of p s (t) with the absolute value of its component with respect to Ui, namely 



{Pe(t), Ul ) 2 = (uMUl ) 2 

2 U»_ 2 



\pe(t)\ > r y 2 = rT , - \U e ,»(t)\ ■ 

\Ul\ \Ui\ 



Therefore (2.3) is proved if we show that 

sup {(1 + t) &h \u £ ^(t)\ 2 } > k x e 2 . (3.60) 

t>o 

Estimate ofu £yU from above We prove that 

\u £ ,uit)\ < k 2 se- uCs{t) Vt > 0. (3.61) 

Let us consider in (3.10) the equation solved by u £jU (t). Moving eu £U (t) to the right- 
hand side, we can interpret it as a first order equation. Since u £tU (0) = 0, integrating 
this differential equation we obtain that 

u £V {t) = -ee- vC ^ [ u%{s)e vC ^ s) ds. 
Jo 

Integrating by parts, and remarking that u' ev (0) = \u±\, this can be rewritten as 

Uev (t) = -eu' e>v (t) + e|ui|e-^ e(t) + ee~ vC ^ [ u' £ ^{s)vc £ {s)e vC ^ s) ds, (3.62) 

hence 







\u e , v (t)\ < ee~ vC ^ \u' £V (t)\ • e^W + \ Ul \ + u \u' £U (s)\ ■ c £ {s)e^ {s Us 



t 

lit 

e,i 



'0 

Now from (3.27), and the estimate from above in (3.21), we have that 

\u'^(t)\ ■ e vC ^ < hc £ (t) < I ^ 7 , (3.63) 

hence 

KM < „-«.<»{£_ + 1„,| + h £_L_ ds } , 

which easily implies (3.61). 
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Estimate of u £>u from below We prove that 

u e , v {t) > ee~ vC ^ [ |«i | - -^- - k 7 e j Vt > 0. (3.64) 

To this end, we need to estimate the absolute value of the last term in (3.62). Thus 
we first integrate by parts, and we obtain that 



t rt 

u' £ ^s)vc £ (s)e vCAs) ds = u e ,„(t)isc e (t)e uC °W - / u e ^(s)vd £ (s)e uCAs) ds 
o Jo 

- [ u £ , v {s)v 2 c 2 £ {s)e vC ^ s) ds 
Jo 

=: A 1 + A 2 + A 3 . 

From (3.61), and the estimate from above in (3.21), we have that 

|Ai|<fc 8 e. (3.65) 

In order to control A 2 and A 3 , we estimate |iz £j „(s)| by means of (3.61), we estimate 
c £ (s) by means of (3.21), and |c £ (s)| by exploiting (3.21) and (3.22) in order to deduce 
that 

\C'JS)\ . kg 



\<(*)\ = L rh£ - *(*) < 



eV ~" C £ (S) -—- {1 + 8) 

Thus we obtain that 

* 1 



\A 2 \ + \A 3 \ < k w e / ds < k w e. (3.66) 

Jo I 1 + s ) 

Plugging (3.65) and (3.66) into (3.62), and exploiting (3.63), we obtain that 

u £ , u (t) > -e|<„(*)l +e|wi|e-" Ce(t) - fcneV Ce(t) 
= ee-^W {| Ul | - |<^(t)|e^W - fe ll£ } 

which is exactly (3.64). 

Estimate of the exponential Let us set for simplicity ipe(t) '■= e~ vCe ^ . We prove that 



^ ( 4 ) > ***' /(27) - (3-67) 



1 

Indeed from (3.61) and (3.28) we have that 

\A l ' 2 u £ {t)\ 2 = v\u £ , v {t)\ 2 + n\u £ ,»{t)\ 2 < k 13 (e 2 [Mt)} 2 + Mi)] 2 *'") » 
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hence 

c £ (t) = \A'l 2 u e {t)\ 21 < ku {e^eit)} 21 + lMt)r /S ) ■ 
Since ip' £ (t) — —vc e {t)il) £ {t), this implies that 

V£(0 > -ku>Mt) {^Mt)} 21 + mt)\ 2l,& ) vt > o. 

At this point (3.67) follows from Lemma 3.2. 

Conclusion We are now ready to prove (3.60). Let us set t := l/e s in (3.64). We 
obtain that 

««.* (p) > <^ (p) {|«i| " h^ - he} . 

If e is small enough, the term between braces is larger than or equal to \u±\/2, hence 
by (3.67) we obtain that 

1 A ^ KL, ( :L A ^ ,. . _5 2 /(27) 



u £ ,u \— 5 )^ — £ ^ ( — ) > k ^e : 



Therefore we conclude that 

_<5\ s h 

.k,,(t)l 2 (i + t)' /7 > ^(4) (^ 

t>0 

which completes the proof. □ 



Ue * u 



1 +£ <i 

1 > k l7 e\ 



e s 
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